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Abstract: We study superconformal indices of 4d AA = 2 class S theories with certain ir¬ 
regular punctures called type Ik,N- This class of theories include generalized Argyres-Douglas 
theories of type Ajv-i) and more. We conjecture the superconformal indices in certain 

simplified limits based on the TQFT structure of the class S theories by writing an expression 
for the wave function corresponding to the puncture Ik,N- We write the Schur limit of the 
wave function when k and N are coprime. When k = 2, we also conjecture a closed-form 
expression for the Hall-Littlewood index and the Macdonald index for odd N. From the in¬ 
dex, we argue that certain short-multiplet which can appear in the OPE of the stress-energy 
tensor is absent in the [Ai,A 2 n) theory. We also discuss the mixed Schur indices for the 
M = 1 class S theories with irregular punctures. 
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1 Introduction 

Eour-dimensional A/ = 2 supersymmetric field theories in class S refers to the ones that can 
be realized by wrapping 6d A/ = (2,0) theory on a Riemann surface C [1, 2]. This description 
enables us to understand dynamics of the 4d theory in terms of geometry of the Riemann 
surface. One of the most interesting connection is between the superconformal index [3, 4] of 
the 4d theory and the 2d topological field theory [5-9] . It says that the superconformal index 
of a given theory labelled by C (called the UV curve) is given by a correlation function of the 
2d topological field theory on C, which is a deformed version of Yang-Mills theory. Especially, 
in the Schur limit of the index, the TQFT is identified as the g-deformed Yang-Mills theory 
[10]. It has been shown via localization of 5d Maximal SYM on 5^, that the 2d theory is 
indeed given by the g-deformed Yang-Mills theory [11-13]. This relation is also extended to 
the Lens space index [14-16], to the outer-automorphsim twisted index [17], and to other 
gauge groups [18-22]. 
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A class S theory is not just labelled by the UV curve but also its local data on the 
punctures. There are regular and irregular punctures depending on the boundary condition 
we impose. The regular punctures are labelled by an SU(2) embedding into T that labels 
the 6d AA = (2,0) theory. The irregular punctures require more elaborate classifications, and 
generally lead to non-conformal theories. But when the UV curve is a sphere, we can get a 
SOFT with one irregular puncture and also with or without one regular puncture [23, 24]. 
Theories realized in this way includes Argyres-Douglas theory [25, 26] and its generalizations. 

The (generalized) Argyres-Douglas theories are inherently strongly-coupled and have no 
weak-coupling limit. Therefore there has been no direct way of computing the superconformal 
indices or x partition functions. Recently, a progress is made in [27] , where they obtained 
an ansatz for the TQFT description of the Schur index for some of the Argyres-Douglas type 
theories. They were able to verify their result against S-duality [28] and also by studying 
dimensional reduction to 3d [29]. Their result has been recently extended to the Macdonald 
index [30]. The result of [27] agrees with the general prediction made in [31], and studied 
further in [32, 33], that for any J\f = 2 d = A SOFT, there is a protected sector with infinite 
dimensional chiral algebra acting on it. This implies that the Schur indices have to be given 
by the vacuum character of the corresponding chiral algebra. 

Another progress is made in [34]. They observed that the trace of (inverse) monodromy 
operator appears in the BPS degeneracy counting [35] agrees with the Schur index (of a 
non-conformal theory). From this observation, they were able to predict the Schur indices 
of various generalized Argyres-Douglas theories and conjectured that they are given by the 
vacuum character of certain non-unitary VF-minimal models. This agrees with the result 
of [31], once applied to the Argyres-Douglas theories with no flavor symmetry, yield chiral 
algebra given by Virasoro/W-algebra with central charges of the minimal model series. 

In this paper, we propose the Schur, Hall-Littlewood (HL) and Macdonald limit of the 
superconformal index for a class S theory containing certain irregular puncture called (a 
subset of) type Ik,N- We conjecture the wave function for irregular puncture in these limits, 
which enables us to use the TQFT description to compute the indices of AD theories. Our 
strategy is very similar to [27, 30], but we are mainly interested in the theories with no flavor 
symmetry. It turns out the corresponding wave functions are much simpler than the ones with 
flavor symmetries. We first start with the irregular punctures that appear in the Lagrangian 
theories and derive their wave function as an integral transformation of regular punctures. 
From here, we extrapolate the expression to find a well-behaved wave function corresponding 
to other irregular punctures. For the Schur index, we are able to find the wave function for 
arbitrary coprime k,N. For the HL index and Macdonald index, we find the wave functions 
for the k = 2 cases only. 

Curiously, we find that the indices for non-conformal theories can also be written in terms 
of the TQFT. This is the index of the theory at the UV fixed point (zero coupling) with Gauss 
law constraint. Even though the theory is non-conformal for non-zero gauge coupling, the 
UV index is nevertheless well-defined. The TQFT description for the “superconformal index” 
of a non-conformal J\f = 2 theory enables us to write the index for the conformal 4d AA = 1 
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class S theory [36-39]. 

The outline of this paper is as follows. In section 2, we study Schur index for the theories 
with punctures. We are able to give a expression when k and N are coprime, and it agrees 
with other proposals. In section 3, we study Hall-Littlewood index with / 2 ,Af punctures. We 
obtain the wave function for l 2 ,Af and compare with the direct computation of the index from 
the 3d mirror theory. In section 4, we conjecture a closed-form formula for I 2 ^n with N odd 
and perform a number of consistency checks. In section 5, we compute mixed Schur limit of 
the index for M = 1 class S theories using the result of 2. 


2 Schur index 


Superconformal index of an AA = 2 d = 4 SOFT is defined as 

lixi;p, q, t) = J] , (2.1) 

i 


where ji,j 2 are the Cartans of the Lorentz group 5?7(2)i x SU{2)2 and R,r are the gener¬ 
ators of the SU{2)ji and U{l)r symmetry respectively. F) are the generators of the flavor 
symmetries. The trace is taken over the |-BPS states that are annihilated by a supercharge 
Q. The index can be simplified by taking certain limits [7]. When p —)• 0, it is called the 
Macdonald index and gets contributions from ^-BPS states. The Macdonald index can be 
further simplified to the Schur limit upon taking q = t limit. The other limit is to take q —)• 0, 
and this is called the Hall-Littlewood (HL) index. 

For any class S theories coming from 6d (2,0) theory of type F wrapped on a Riemann 
surface Cg^n, the superconformal index can be written in terms of a correlation function of a 
topological field theory 


I{ai-,p,q,t) 


n 




( 2 . 2 ) 


where the sum is over all irreducible representations of F and g and n is the genus and the 
number of punctures respectively. The function Cx{p,q,t) is sometimes called the structure 
constant of the theory, and p, q, t) is called the wave function we assign to each puncture. 

The Schur index is obtained by specialization p = 0,q = t. In this limit, the structure 
constant is fixed to be 


=^l{a = qP-,q) 


n[=i(9‘^sg) ’ 


(2.3) 


where p is the Weyl vector of F = ADE and di are the degrees of the Casmirs. We use the 
short-hand notation z“ = ]]][ • and q^ = ]]][^ q^^. Here the gr-Pochhammer symbol is defined 
as {z;q) = n“o(l — zq^). For the case of a full regular puncture, the corresponding wave 
function is given by 


i^x{z;q) = PE ^ 


(^;9)'’ Dae A (9^"; 9) 


X\{z) , 


(2.4) 
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where A is the set of all roots of F and r = rank(r). The Plethystic exponent is defined as 


PE [nz] = 7 -^ , (2.5) 

where n is an integer and z is some fngacity. The wave functions are orthonormal under the 
vector multiplet measure 




( 2 . 6 ) 


where [dz] = ‘^(^) = naeA(l “ i® the Haar measure. The vector 

multiplet index is given by 

Iyec{z) = PE fY:^Xadj(2:)^ = {q] qf^ {qz’^^qf ■ (2.7) 

In addition to the regular punctures, we also have irregular punctures that has higher 
order singularities. Let us specialize to P = Ak-i and denote the local singularity around the 
puncture at z = oo is given as 


= z^{dzf , 


( 2 . 8 ) 


or equivalently around z' = 0 via z' = 1/z as 

to be Ik,N, following the notation of [23, 40]. One can further deform the singularity by 
adding less singular terms. They serve as deformation parameters of the theory. The regular 
punctures correspond to N = —k. Eor the case of k = 2 and N = 2n even, the wave function 
is written by [27] as 




(n+l)|(|+l) 


(q-^q) 


-Tir 


(a^hq-(n+i)j. 


( 2 . 10 ) 


where R\ is the spin-| representation of SU{2), and j 3 = —1 + - ,|. 

Our goal in this section is to find a wave function for the punctures of type Ik,N- Eor 
example, we conjecture the wave function for the l 2 , 2 n-i puncture to be 




^(9) = 


(—1) 2 g 2 ( 2 +i)("'+ 2 ) A even, 


otherwise, 


( 2 . 11 ) 


as we will provide evidences in this section. 
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2.1 Wave function for the punctnre of type ^ 

Punctnre of type /Ar,-Ar+i Let us consider SU{N) theory with N flavors. This theory 
can be realized by a 3-punctured sphere with one maximal, one minimal and one irregnlar of 
type /Ar,-Ar+i- If we write the index of this theory in terms of a TQFT, we get 

I{a,x) = , (2.12) 

A 

where V’a(^) denote the wave function corresponding to the minimal and 

In-n +1 puncture respectively. Since it is the same as gauging one of the flavors of bi¬ 
fundamental hypermutliplets, it can be also written as 


I{a,x) = ^[dz]I^ec{z)'^Cxi’x{a)'ilji{x)'il^xiz) ■ 


(2.13) 


This means that we can simply write the wave function corresponding to the irregular punc¬ 
ture Ijsf-N+i as^ 


^In, ^ y ^(iz]I^ec{z)'ilJx{z) = y[dz]PE 


1-q 


Xadiiz) 


X\{z) ■ 


(2.14) 


This integral can be written in a more illuminating form by using the Jacobi triple identity 

{q; q)iy-^-, q){qy, q) = {-ir ■ (2.15) 


We get 




'(q) 


rictGZ aeA+ 


where A+ is the set of positive roots of SU{N) and W is the Weyl group. Here the index 
a runs from a = 1, • • • |A+| and the integral measure is given by dz = sfe- The last 

integral can be rewritten upon applying the Weyl character formula as 

,{w) f d„-P+"(A+ri-E.».« = ^ . (2.17) 


where p = \ X]oeA+ I® Weyl vector, e{w) is the signature of w which is the same as the 
determinant of w and w ■ \ = w{\ + p) — p \s the shifted Weyl reflection. 

'^The author would like to thank Yuji Tachikawa for the discussions lead to this observation. 
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For the case oi N = 2, it is simple to evaluate the above integral. We get 




(1)=I 

n&Z '' 

f (— 1 ) 2522 ( 2 + 1 ) even, 
1 0 A odd. 


— 2 : 


—A—2n—2 a 


For N = 3, we find the expression as below: 




h ,-2 

(-^ 1 ,-^ 2 ) 


(?) 


qk{k+l)+£{£+l)+k£ 

< _qk^+£^-l+ik-l)i£-l) 

0 

\ 


if Ai = 3k, X 2 = 3i, 

if Ai = 3k-2,\2 = 3i-2, 

otherwise, 


(2.18) 


(2.19) 


where k,i £ Z>o. We do not have an analytic proof of the formula, but we have checked this 
expression up to (Ai, A 2 ) = ( 12 , 12 ). 

This wave function is an analog of Gaiotto-Whittaker vector [41-43] in the AGT corre¬ 
spondence [44, 45], which realize pure YM theory when we have two punctures of this type. 
In our case, we expect the two point function of Gaiotto-Whittaker state of the 5 -deformed 
Yang-Mills gives us the ‘Schur index’ of the pure YM theory^ 

a-mW = . (2.20) 

A 

We will prove this relation for the case of SU{2) in section 2.2.1. 

Type with (k, N) = 1 Now, we conjecture that the wave function for the irregular 
puncture of type when k and N are relative primes, is simply given by rescaling the q 
parameter of the wave function for the Gaiotto-Whittaker state (2.14). More precisely, we 
find 



( 5 ) = Ip 


Ik,l-k 

A 




( 2 . 21 ) 


This can be thought of as an analog of the coherent state considered by [46-48] in the context 
of AGT correspondence. We give a number of evidences for (2.21) in later sections. It would 
be desirable to give a direct proof of this proposal. 

Puncture of type Ik,kn We can also consider a irregular puncture of type Ik,N with N 
being a multiple of k. In this case we have k — 1 mass parameters associated to the 
flavor symmetry. As before, let us first consider a Lagrangian example. Consider SU{N) 
gauge theory with 2N — 1 fundamentals. It is realized by a sphere with a maximal, minimal 

^For a non-conformal theory, the superconformal index really means that of the free UV fixed point with 
the Gauss-law constraint. 
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and In,o type irregular punctures. Therefore, we write the wave function for the In,o puncture 
as 




j) [dz]I^ec{z)hyp{z, a)V’A(-z) 


= (b[dz]FE 


l-q 


Xadj (z) 


PE 


1 N N-l 
q2 


^ 2=1 m=l 
1 


XAl^j 


( 2 . 22 ) 


N N-l 

[dzjiq-^qYYliqZi/zjiq)]^]^ 

i^j i=im=i{(lYziam)^]q) 


Xx(z) , 


where we impose W^Zi = 1 and am = 1- Here ± means taking product of each sign. 
For the case of = 2, the wave function is given by [27] as 


^(^^+1) 4 (4+1) o 


I J^ 2 , 2 n ( \ 

Vx {a,q) = 




(2.23) 


where the trace is over the spin-A/2 representation Rx. We find that the wave function for 
the irregular puncture of type l 2 , 2 n can be written almost as a simple rescaling of the q as 


(„n+l n+l\ 

l-‘2,2n/ ^ or ) r ) ! 12,0 / 

V’a (a;9) = ——Yx 


(2.24) 


We have checked this expression indeed gives us the same wave function as (2.23) found in 
[27] to high orders in q. 

We were not able to find a prescription for N > 3. It may be possible to find a cor¬ 
rect prescription by using isomorphism of (^2,^2) = {Ai,D 4 ,), which has the chiral algebra 

Su(3)_3 . 

2 


2.2 Examples 

2.2.1 Lagrangian theories 

SU{2) SYM Pure SU{2) YM theory can be realized on a sphere with 2 irregular punctures 
with oc {dz'Y/z''^ 1 which means l 2 -i- From the TQFT, we get 

JTQFT(-i,-i)(g) = V’f . (2.25) 

A jez>o 


It agrees with the integral expression obtained from blindly applying the index formula for 
the vector multiplets and then integrating over the gauge group 


-fsYM(Q') = 


dz 

2'Kiz 


/\{z){qz^^-qf = Y. q 




mGZ>o 


(2.26) 


where A(z) = |(1 — z^^) is the Haar measure of SU{2). This integral can be easily evaluated 
by using the Jacobi triple product identity (2.15). It can be considered as the index at the 
UV fixed point with Gauss law constraint. 
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SU{2) with Nf = 1 The SU{2) gauge theory with 1 flavor can be realized by a sphere with 
2 irregular punctures I 2-1 and / 2 ,o- From the TQFT, we get 

-^TQFT(-i,o)(9,a) = 


1 


— 1 + 5+1 —a - K + 2 ] 5 + I —a -^ + 2 ] 5 


1 


(2.27) 


+ ^-2a^ - ^ + 4 ^ 5^^ + + ^ - 3 a^ - ^ + 5 ^ 5® + O (5®) , 


which agrees with the one computed from the integral 

lNf=i = [q] qf 




2'Kiz 


(2.28) 

(52 2:±a=*=; 5) 

SU{2) with Nf = 2 The SU{2) gauge theory with 2 flavors can be realized by a sphere 
with 2 irregular punctures / 2 ,o- This gives us 


-^TQFT(0,0) — y~l'0A^’°(a)'0A^’°(^) 


(2.29) 


= 1 +^ «„r'+xf„°r'+2xf°r’)+(xsr*+v«°i ’+*+^4:^^) 


+«“ f+iof’+4T’+2x;ror'+ NoT+ '‘vwi'’++7.r’+j+o<«‘) 

which agrees with the computation from the integral formula. Here we used the Dynkin label 
to denote the characters. 

We can also realize the same theory via 3-punctured sphere with 2 regular punctures and 
one / 2 ,-i puncture. This gives 

hQFT{R,R-i)ix,y;q) = , (2.30) 

A 

which gives the same answer upon matching the fugacities via a —)■ yTy and b —)■ y^x/y. 

SU{2) with Nf = 3 The SU{2) gauge theory with 3 flavors can be realized by a sphere 
with 2 regular punctures and 1 irregular puncture l 2 ,o- This gives us the index to be 

4TQFT(i?+,o) = Cx'ipx{a)tpx{b)^^’° (c) 


SO{4) 


SO(4) 


so (4) 


SO(4) 


SO(4)\ 


= 1 + 


+ (2-31) 

'^-’^[0,2,2] ^T[o,i,i] +A[o,o,0]f 

+ o3.^50(6) S0(6) S0(6) S0(6) S0(6) S0(6). ^. 4 ^ 

'^-'^[0,3,3] ^A[o,2,2] ^A[i^2,0] ^ A[i_0,2] ^ A[o,i,i] ^ ^[o^o.O] ^ ^ ) ■ 

This agrees with the integral formula 


iNf=z{ai]q) = {q-,qf 


dz 


{qz^^-,qf 


2'Kiz 






(2.32) 


upon identifying ai = 6 c, 02 = 6 /c, 03 = a. 



SU (3) SYM The Schur index of the SU (3) pure YM can be written as 


Isu{3) — ^(9; 9)^ ^ 


dzi dz2 

2TTiZl 2'KiZ2 




aeA+ 


6(g;g) 


(2.33) 

\ni+mi 2 EiKK+l)+”^i(”^i + l))x , , A , 

/ ^ V H <^ni+n2,mi+m2‘^ni+n3,mi+m3 • 


ni,2,3,mi,2,3i 


We verified this to be the same as the one given by (2.20) with = 3 to high orders in q. 
The first few terms are 


Isu( 3 ) = l + q^ + 2q'^ + 2g® + + 2q^^ + q^^ + 2q^^ + 2 g 20 + 0(^24^ _ ^2.34) 


2.2.2 Argyres-Douglas theories 

(AijAtv-i) theories The Argyres-Douglas theories of type (Ai, A^r-i) can be realized by 
a sphere with single irregular puncture of type I 2 ,n [23, 40]. When A = 2re -|- 1 is odd, we 
have 


where 


A 


E 

i6Z>o 


[2j + I]? , j(j+i)(n+|) 


1 ^ [dimAjg 
^ (g2;g) 


n n 



The vacuum character of the Virasoro minimal model (r, s) is given by 


(r,s) 

Xo 


(q) 


1 {r- 
■ 4 r 


(q-^q) 


E 


(2rs£+r—s) 
q 4rs 


(2rs£+r + s) 
4rs 


(2.35) 


(2.36) 


(2.37) 


We have checked this expression agrees with the vacuum character of the Virasoro minimal 
model (2, 2n + 3) to high orders in q, which is consistent with the relation given in [31], and 
also computation based on the conjectural relation from the BPS degeneracy [34]. We also 
find that when n = 0 or A = 1, the index becomes 1, which agrees with the expectation that 
there is no massless degrees of freedom and vanishing central charges [40] for the (Ai,Ao) 
theory. 

When A = 2re is even, we get [27] 




A 


E 

A>0 


[-^ + !]<; 

(g2;g) 




3.213 g(n+l)(( 




(2.38) 


which agrees with the vacuum character of Su(2)_4 when n = 2. 
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{Ai,Di^j^ 2 ) theories The AD theory of type (Ai,DAr+2) can be realized by a sphere with 
one l2,iv type irregular puncture and a regular puncture. When N = 2n — 1, the index can 
be written as 


- OO 

(2-39) 

A vy I y; 

This expression exactly agrees with the vacuum character of the affine Lie algebra su(2) in . 

2n + l 

When = 1, we find the index of (Ai, A3) agrees with that of (Ai, D3) 


= = E A'‘i/-a(«) = ‘(AM 


h- 


(2.40) 


up on identifying x = a?. 

When N = 2n, the index can be written as 


-^(Ai,D2„+2) = (.x)^px{y) ■ 


(2.41) 


When n = 1, this agrees with the vacuum character of Ht( 3)_3 [27]. 

(Afc_i,Aw-i) theories with {k,N) = 1 When k and N are coprime, we conjecture that 
the Schur indices for the Argyres-Douglas theories of type (Afc_i, A^r-i) as 


k{Ak-l,AM-l)i9) y-rk , j N, 

n*=2w;9) 




(2.42) 


It was conjectured by [34] that for the coprime k^N^ the Schur index of (Afc_i, A^v-i) theory 
is given by the vacuum character of the {k, k + N) Wfc-minimal model, which is given by [49] 


W{k,k+N) 

Xo 


{<!) = 


(q 


k+N. ^k+N\ \ 


( 9 ; 9 ) 


n(T 

a=l 


.N-\-a, ^k-\-N, ^k-\-N^k—a 


(2.43) 


We checked I(A,^_i,AN-i)i^) ~ to high orders in q for a number of cases. 


3 Hall-Littlewood index 
3.1 Index from the 3d mirror 

For Argyres-Douglas theories realized in class S with a non-trivial Higgs branch^, once di¬ 
mensionally reduced to 3d, their mirror theories [51] are known [23, 52]. The Higgs branch 
of the dimensionally reduced 3d A/" = 4 theory is the same as the original 4d A/" = 2 theory, 
which is the same as the Coulomb branch of the 3d mirror 

\/l‘id _ AyiSd _ Amirror 1'i 

Higgs — Higgs — -''^‘Coulomb • 

^Even though the theory in the UV might not have a Higgs branch, AD points can sometimes have a 
quantum Higgs branch [50]. 
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Since the Hall-Littlewood (HL) index is the same as the Hilbert series of the Higgs branch [7], 
it should be the same as the Hilbert series of the Coulomb branch [53] of the 3d mirror theory. 
This can be also computed using the 3d superconformal index by taking the ‘Coulomb limit’ 
as discussed in [54]. Therefore we can write 

^HL(^) = ■ (3.2) 

In this section, we review the computation of HL indices from the 3d mirrors [55]. 

The Coulomb branch index for the 3d AA = 4 theory is defined as 

I^(t) = = Tr(-lft^+^ , (3.3) 

where the trace is over the states with E = Rc in addition lo E — Rh — Ec — j = 0. Here 
Rh,Rc are the Cartans of 50(4)/{ = 517(2)^^ x SU{2)r^ and E is the scaling dimension 
and j is the Cartan of the rotation group SO{3). The Coulomb branch index contribution 
for a hypermultiplet is simply 

= , (3,4) 

which does not depend on any flavor fugacities. Here m is the charge for the background 
topological 17(1) associated to the gauge group. 

(Hi,H2n-i) theories The 3d mirror theory is given by a quiver gauge theory with k 17(1) 
nodes where all the nodes are connected by n edges. One of the 17(1) node has to be ungauged 
as usual. See the figure 1. For the 17(1) gauge theory with n fundamental hypers, the index 



Figure 1. The 3d mirror of {Ak-i, Akn-i) theory, k is the number of nodes and n is the number of 
bifundamentals between a pair of nodes. One of the 17(1) has to be decoupled. 


IS given as 




\m\ 


(3.5) 


rnGX 


where w is the fugacity for the topological 17(1) j associated to the gauge group. One can 
sum up the formula to get 




1 - r 


1 


1 — 1 / {1 — t2w){l — t2W~^) 


1 - r 

1-1 




k=0 
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where X[k] denotes the characters of SU{2) with Dynkin label [A:]. Even though we see the 
index is written in terms of characters SU{2), it is wrong to say that the global symmetry is 
actually enhanced to SU ( 2 ). Note that only when n = 2, we have the extra conserved current 
coming from the monopoles [56]. 

The Coulomb branch of 17(1) gauge theory with n electrons or the Higgs branch of its 
mirror theory An-i quiver is known to be given by One can directly see that the 

Hilbert series of this space is the same as above. 

For n = 2, the 3d theory is well-known T[SU{2)] theory which is self-mirror. Here the 
SU{2) enhancement of topological symmetry is evident from the mirror perspective. There 
SU{2) symmetry is nothing but the flavor symmetry of two electrons. In this case, the 4d 
theory is the same as the AD theory found from 517(2) gauge theory with two flavors. 


{A 2 , A 2 ,n-i) theories The 3d mirror of this theory is given by 17(1) x 17(1) gauge theory 
with n bifundamentals and n electrons for each 17(1). The Coulomb branch index is given by 


(A2,A3ri-l 




W 


mi 


yjm2^^{\mi\ + \m2\ + \rni-m.2\)n 


(3.7) 


which can be written in terms of 517(3) characters as 




1 - r 

i-t 


2 00 


k=0 


SU{3) 


{a)t 


nk 


(3.8) 


where [k,k] is the Dynkin label for the Ic-th powers of adjoint representation of 517(3) and 
the fugacities are mapped to wi = a\/a^^W 2 = 02 /af. From above, we see that the global 
symmetry is enhanced to 517(3). 

This flavor symmetry can be understood quite easily when n = 1. In this case, the quiver 
gauge theory we obtain is nothing but A 2 quiver theory with 17(1) nodes, which is mirror 
to the 17(1) gauge theory with 3 electrons. As in the previous case, we have 517(3) flavor 
symmetry for n = 1 , which gives us extra conserved current from the monopole operators. 
For n > 1, even though we get 517(3) character representations, it does not mean that our 
theory has extra conserved currents. 

Curiously, we observe that the 3d mirror of (^ 2 ,^ 2 ) theory is simply given by A 2 quiver 
theory, which is mirror to 17(1) with 3 electrons, which is the 3d mirror of (^ 1 ,^ 3 ) theory. 
This is not a surprise, in the sense that generally in class 5, there can be many different ways 
to realize the same 4d SCFT. See [57] for a study of such examples among the AD theories. 


[Ai, D 2 n+ 2 ) theories This theory is obtained by putting extra U (1) punctures to (Ai, ^ 2 ^- 1 ) 
theory. The 3d mirror is obtained by gluing the 3d mirror theory corresponding to the mini¬ 
mal puncture to the 3d mirror of {A^-i, Akn-i) theory. See the figure 2 . The Coulomb index 
for the mirror theory is given as 

E ■ (3-9) 

mi,m2 
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Figure 2. The 3d mirror of (Afc_i, £)fc„+ 2 ) theory. The overall 17(1) has to be decoupled as before. 


When n = 1, the above sum can be written as 


/ 


c 

(AuDi) 



which is the same as that of (^ 2 ,^ 2 ) theory as expected. 


(3.10) 


3.2 Wave function for / 2 ,v 

N = 2n even We want to write the index (3.5) using the TQFT as 

A 


with 


C, = 




(3.11) 


(3.12) 


where di are the degrees of the Casmirs and p is the Weyl vector of F. For F = SU{N), they 
are given by d* = 2,3, • • • , A^. Here the function P^^{a) is the Hall-Littlewood polynomial 
labelled by a Dynkin label A in general, which we normalize so that 


{P^Hz),P;^^{z)) = I[dz]Aiz)PE[tx.Aiiz)]P^^iz)P;^Hz) = -5am • (3-13) 


For the case of F = SU{2), we get 




\/l — P if A = 0, 

\/l - tx\-2{z)) if A / 0. 


(3.14) 
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The wave function for the l 2 , 2 n puncture can be read off from the expression (3.5) to be 



r ji + t 
\ i-t 

^|(n+l) 

if A = 0, 

(3.15) 


(o'" + a 

-m\ ^ 

Wi-t 

otherwise. 



Note that there are many different ways decompose the sum (3.5) in the form of (3.11). But 
we find our particular form given by (3.15) is the right choice to maintain the consistent 
TQFT description of the index. We find that this is indeed consistent with the accidental 
isomorphism of the AD theories. 

One can obtain the wave function for the l 2 ,o puncture as in the previous section by 
integrating the wave function for the regular puncture with the integration kernel given by 
vector and hypermultiplets 


; ^ 2,0 


— ^ [d'Z]Ivec{^')^hypiz, 



(3.16) 


where the wave function for the regular puncture is given as = PE [iXadj(fl)]-^^^(a) 

and the vector multiplet index is given by Iveciz) = PE[—tXadj(-2)]- We find it agrees with 
the expression (3.15) with re = 0. 

From the TQFT structure of the index, the index for the {Ai, D 2 n+ 2 ) theory can be 
written as 


= (3.17) 

A 

We indeed find this expression agrees with the result (3.9) from the 3d mirror. 

N = 2re — 1 odd Again, one can obtain the wave function for / 2 ,-i by integrating the regular 
puncture wave function via vector multiplet measure. We get 


V’?’ ^ = y [dz]Iyeciz)'tpx{z) = j) [dz\Px^{z) 

' y/l-P A = 0 

A = 2 

0 otherwise . 


= 


From this, we obtain the HL index for the pure SU{2) YM to be 

IsYM{t) = ^ = 1 - ) 


which agrees with the direct computation. 


(3.18) 


(3.19) 
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We can obtain the wave function for / 2 ,i from using the isomorphism (^i, ^ 3 ) = {Ai, D^). 
Note that it implies 

, (3.20) 

A A 

where we identify x = z'^ as we learned from the Schur index. Now, we can use the or¬ 
thonormality of the regular puncture wave functions. Multiply 'ijjpiz) on both sides and then 
integrate with the vector multiplet measure to obtain 

{z‘^)'ipp{z) = y/l- t'^Spfl . (3.21) 

We conjecture the Hall-Littlewood wave function for l 2 , 2 n-i is the same as that of l 2 ,i, so 
that 

^h,2u-i ^ , ( 3 . 22 ) 

for n > 0. This gives the HL index for the (^ 1 ,^ 2 ^,) theory to be 1, which is consistent with 
the absence of the Higgs branch. 


4 Macdonald index 


In this section, we discuss the Macdonald index, carrying two fugacities {q, t). The Macdonald 
index reduces to the Schur index when q = t and to the Hall-Littlewood index when q = 0. 
We first construct the wave function for the puncture of type / 2 ,n and then use it to write 
the Macdonald index for the {Ai,A 2 n) theory and discuss its implications. 


4.1 Wave function for the puncture of type l 2 ^n 

Odd n As in the previous sections, we start with the 12,-1 puncture. It can be obtained 
by a ‘integral transformation’ of a regular puncture via vector multiplet measure. The wave 
function for the regular puncture is given by 


= PE 


l-q 


X^di{z) 


Pxiz]q,t) = 


it]qy 


n 

aSA 


{tz^]q) 


Px{z]qA) 


(4.1) 


where P_x{z]q,t) = N\P\{z]q,t) is the normalized Macdonald polynomial'^ such that 

(V’A, V’m) = j> [dz]I^ec{z)'tpx{z)iJp.iz) = 5xp. ■ (4.2) 

The normalization factor for the T = Hi is given by 


N\{q,t) = 




{t;q){q^+^;q) 


{t;q)x{tq^+^]q) 


(4.3) 


'^Our normalization is slightly different from the usual one. We include the ‘Cartan piece’ to the 


measure. 


- 15 - 













From now on we suppress the dependence on q, t. When F = ^i, we can explicitly write down 
the polynomial as 


A 


Px{a) = N^Yl 

i=0 


{t;q)x-i ^ 2 i-X 
{q',q)i {q;q)x-i 


(4.4) 


where we define the g-Pochhammer symbol as (x; q)n = structure constant 

for the TQFT is given by 



Exjtn 


(4.5) 


where p is the Weyl vector of F = ADE and di are the degrees of the Casmirs. 

Now, let us compute the wave function for the Gaiotto-Whittaker state for the F = 
theory. We evaluate the integral to get 


\qp) = j^[dz]hec{z)'tpxiz-,q,t) = j)[dz]FE ^ ^_^ Xadiiz)j PE 


1 - q 


Xs^diiz) 


.r V- {t;q)i{t;q)x-i 


{q-,q)i{q‘,q)\-i I ‘^'^iz 


i=0 


dz {I-Z^"^) 


(gZ±2,0.^)^2.-A 


Pxi^) 

(4.6) 


(-I) 2 t 2 gl 2(2 A even, 


A odd. 


We see that Schur and Hall-Littlewood limits of (4.6) indeed reproduces the corresponding 
wave functions. 

From (4.6), we want to find a similar rescaling of the fugacities {q, t) as done in the Schur 
and Hall-Littlewood case. Now, we conjecture that the wave function for l 2 ,n for n odd is 
given by 




(_ljtgt(t + l)(t + l) 

0 


t(^) 


Nx 


{t\q )\/2 

{g,q )\/2 


A even, 
A odd. 


(4.7) 


We will provide some evidences of this proposal in the following subsection. 


Even n The wave function for the l 2 , 2 n -2 is proposed by [30] as (up to normalization) 

^ E . (4.) 

As in the previous sections, we can obtain Efi by integrating the wave function for the regular 
puncture with vector and hypermultiplet kernel 


,h,0f i dz (l-z=^2) 


{a; q,t) = f[dz]Eeciz)Ihypiz,a)ipxiz) = 


Pxiz;q,t). (4.9) 


2Triz 2 z^a^;q) 

We have verified that this expression agrees with (4.8) for n = 1 up to high orders in q. 
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4.2 Examples 


In this section, we use (4.7) to compute the Macdonald index for a number of examples and 
provide consistency checks. 


4.2.1 Consistency checks 

Let us first consider a number of examples where we can cross-check the conjectured formula 


(4.7) against independent computations. 

SU{2) SYM The pure YM theory can be realized by a pair of l 2 ,-i punctures on a sphere. 
From the TQFT structure of the index, we write 



(4.10) 


l + q‘^T + q^{T - T^) + q^{T - T^) + q^{T - T^) + q^{-T‘^ +T‘^ +T) 
+ q\-T^ - + T) + 0{q^) , 


where t = qT. This result indeed agrees with the direct computation. 

{Ai,Aq) theory This should describe a theory with no massless degrees of freedom. We 
indeed find 



(4.11) 


A 


to high orders in q. This is rather a non-trivial check of the proposal (4.7), since each term 
in the sum has to cancel exactly up on summing over all terms. 

(^ 1 ,^ 3 ) = (Ml, Ha) theory The (Mi, M 3 ) theory is isomorphic to (Mi,L> 3 ) theory. The 
former description can be obtained from a single / 2,4 puncture and the latter description can 
be obtained from / 2 ,i and a regular puncture. We find that these two descriptions indeed 
give us the same index 



(4.12) 


A 


A 


upon identifying x = a?. This result provides a consistency check between (4.7) and (4.8). 


We find that the Schur limit of this index can be written in a very simple form 



(4.13) 


The hrst term inside the PE is coming from the conserved current multiplet. 
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4.2.2 Conjecture for the Macdonald indices of Argyres-Douglas theories 

(^ 1 ,^ 2 ) theory It can be obtained from 12,3 punctured sphere. We conjecture its Macdon¬ 
ald index is given as 

hM,A 2 ) = E C'a” = l+q^T + q^T + /T + q^T + q^iT^ +T)+ q\T^ + T) 

A (4.14) 

+ g®(2T2 + T) + q^{2T‘^ +T) + q^^{‘iT‘^ +T) + 0{q^^) , 


where t = qT. This theory does not have a Higgs branch. This can be seen from triviality of 
the Hall-Littlewood limit of the index (7 —>• 0. 

We find that this expression can be also written as 


^(Ai,A2) 


PE 


q^T - q^T^ 

{1 - q){l - q^T^) 




(4.15) 


where the ©(f?^^) terms vanish in the limit T —)• 1. The first term inside the PE is coming from 
the short multiplet Co(o,o) (and their powers) using the notation of [58]. See also appendix 
B of [7]. This is the multiplet containing the stress-energy tensor. The Macdonald index for 
the short multiplet is given as 


L 


^R(h , 32 ) 






1 \ 2 (A +12) 


„R+2+ji+j2J^R+l+j2-J 


We see that the stress-energy tensor multiplet contributes to the Macdonald index. 

Since any SCET has a stress-energy tensor multiplet, the operator appear in the OPE 
of it should be also present in the theory. The OPE of the stress-energy tensor multiplet 
Co(o,o) X Co(o,o) contains [59]'’ 


Co(o,o) X Co(o,o) ~ <^0(1,1) +‘^i(|4) “I-’ 

where we have only written short multiplets appear in the OPE that contributes to the 
Macdonald index. The Cf.i'l I'l multiplets are higher-spin conserved currents which have to 
be absent unless the theory is free or has a decoupled sector [60]. This multiplet contributes 
to the index by Indeed, we see from the index (4.14) that there is no e-j multiplet 

other than f = 0 , which contains the stress-energy tensor. 

Among the terms appear on the RHS of the OPE (4.17), C.a i-. multiplet contributes 

to the index. Since the index has coefficient 0 for the q^T'^ term, O/i i-, cannot be 
present. We also see with even f is absent. Our result agrees with the analysis of [59] 

where they show that 1 ^ is absent for the theory with central charge c = which is the 
value of (^ 1 ,^ 2 ) theory [61]. See also [62]. 

®The author would like to thank Wenbin Yan for discussions on this point. 
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(yli, ^ 4 ) theory It can be obtained from 12,5 punctured sphere. Our conjectured Macdonald 
index is 


hM,A 4 ) = E ^a" = l + q^T + q^T + q\T^ +T) + q^T^ + T) + q\2T^ + T) 

A (4.18) 

+ q\2T^ + T) + q^{T^ + 3T^ + T) + 0{q^) . 


It also reduces to 1 in the Hall-Littlewood limit q —)• 0 as expected. 

We find the index can be written in terms of a Plethystic exponential as 


kAiAi) - 


q‘^T - q^T^ 
L(l-g)(l-g7r3) 


+ 0{q^^) 


(4.19) 


where 0{q^^) term vanishes as T —?• 1. 

Here we see that some of the short-multiplets appear in the OPE of the 3 stress-energy 
tensor multiplets 


Co(o,o) X Co{o,o) X Co(o,o) ) (4.20) 

should be absent, because there is no term of the form q^T^ in the index. Among the operators 
appear in the OPE of 3 stress-energy tensors, the multiplet contributing has to be absent. 
The natural candidate would be C 2 (i,i)) but we cannot rule out other possibilities from the 
index before working out the selection rule, because any Cij(ij 2 ) with R+j 2 = 3 for an integer 
j 2 will give the same index. 

(Ai,A 2 n) theory We put l 2 , 2 n+i puncture on a sphere. Erom the TQET, we obtain the 
Macdonald index as 


I{A„A2n)iq^t) = E^A V 


-ljl2,2n + l 


(4.21) 


Plugging in appropriate wave functions, we get 




where we used the abbreviation (z)n = (z; q)n and 


n 


I 11 {t',q)i{t',q)n-i 


i=0 


iq-,q)iiq;q)n-i 


(4.23) 


^71/2_ Q — nl 2 

Note that when t = q, [n]q^t=q = [n]q = gi/ 2 _g-i /2 • In the Schur limit t = q, the index 
simplifies to the expression of (2.35). 

We find that the above index can be written as 


hAi,A2u) = PE 


- (g2r)”+3 

(1 - g)(l - 


+ ... 


(4.24) 
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where omitted piece vanishes in the Schur limit T —)• 1. There is no term in the 

index. Therefore the short multiplet that appear in the OPE of (Co(o,o))”^^ that contributes 


to the index as 


(g^r)"+l 


is absent. The short multiplet contributes the same amount 

so that it might be absent. 

{Ai,D^) theory It can be obtained from a sphere with a / 2,3 puncture and a regular punc¬ 
ture. We get 


h 


(Ai,D5)(a) = 


(4.25) 


= 1 + qTx3 + {T{x3 + Xi) + T'^Xb) + {T{x3 + Xi) + T'^{X5 + 2x3) + T^Xr) 

+q^ {T{x3 + Xi) + r^( 2 X 5 + 3 X 3 + 2 xi) + T^(X 7 + 2 X 5 ) + E^Xq) + 0{q^) , 


where Xn denotes the character for the n-dimensional representation of SU{2). When we take 
the Hall-Littlewood limit g —)• 0 with t fixed, we get 

= E»„+l{a)C = • ('‘■ 26 ) 

which is the same as the HL index of the (^ 1 ,^ 3 ) theory given in (3.6) with n = 2 and 
w = a^. This is nothing but the Hilbert series of C^/Z 2 . 

The first term of the index (4.25) comes from the conserved current of the SU{2) flavor 
symmetry. We find that the index has the form 


- PE 


qT-q^T^ 


(4.27) 


where the omitted term vanishes in the Schur limit.® 


[Ai,D 2 n+i) theory This theory can be obtained by considering a two punctured sphere 
with one l 2 , 2 n-i puncture and a regular puncture. Therefore the index is given by 

I{Ai,D2n+i) = {q, t)'ipx{z- q, t). (4.28) 

A>0 


Plugging in appropriate wave functions, we obtain 


I 


(Al,D2n+l) 



AsZ>o 




(g^+^)A(t^g^^)oo 

(tg^)A(tg2A+i)^ 


P2X{Z), 


(4.29) 


where the (unnormalized) Macdonald polynomial Ta(z) is given by 


A 


Pxiz) = Y 

1=0 


{t;q)i {t-,q)\-i ^2i-x 
{q-,q)i {q',q)x-i 


®The author would like to thank Wenbin Yan for pointing out an error in the previous version. 


(4.30) 
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5 J\f = 1 class S theories 


For every theories in A/" = 1 class S, the superconformal indices can be written in terms of 
the correlation functions of a (generalized) topological field theory on the UV curve [38] . See 
also [20, 63-65]. In this section, we generalize our discussions to the J\f = 1 case. 


5.1 Mixed Schur index 

The M = 1 index for the class S is defined as 

i 

where Rq is the UV R-charge and J- is the global C/(l) charge conserved for a generic class 
S theory. One of the simplification limit of the above index is to take ^ q/p, called the 
mixed Schur limit [38]. It is given as 

I{p,q;x) = , (5.2) 


where we used J± = ^{Ro ± R). In this limit, the chiral multiplet contribution of the index 
can be written as 


Ichi{p,q]z) 


PE 




J+_ . J+ 

q 2 xa{z)-p 2 q 2 xa(z) 


(l-p)(I-q) 


(5.3) 


where XA is the character of the representation A of the gauge group. In the mixed Schur 
limit, the hypermultiplets charged with (J+, J_) = (1, 0) gives the index a function of q as 


r(b0) 

^hyp 


(p,q;2:) = PE 


{xa(z) + Xa(z)) , 

1 - q 


(5.4) 


and the hypermultiplets with (J+, J_) = (0,1) gives 


^Sp^(p>q;^) = PE 


i-p 


(Xa(^) + Xa(^)) 


(5.5) 


Eor the chiral multiplets with (J+, J_) = (0, 2) in the adjoint representation of G, we get 

p q 


tr(p.‘i;=i) = PE 


1 - p I - q 


Xadj 


(5.6) 


where XR is the character of the representation R of G. 

The index of the theory in class S corresponding to the UV curve Cg^n with normal bundle 
degrees {p,q) is given by 


n 

Hai; P, q,{) = n «'(<■<) . 

A i=l 


(5.7) 
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where A labels the representations of T and V’a(^) wave function associated to the 

puncture of color cr = ±. The wave function in the mixed Schur limit becomes 


^+(^) = PE 


1 - q 


Xadj (-2 


Xx{z), i^^{z) = FE 


1-p 


Xadj {z) 


X\{z) 


(5.8) 


The wave functions for the irregular punctures with color cj = ± are given by simply choosing 
the M = 2 wave function with different arguments = V’a'’”(P) V’a*’"' ~ V'a^’"(‘1)- 

In this limit, the structure constant can be also simply written as 


C+ = CA(q) = Ca(p) , (5.9) 

where C'A(q) is the structure constant for N = 2 theory. 

Note that one can flip the color of the wave function by attaching a chiral multiplet 
transforming under the adjoint of the flavor symmetry: 

V'a(^) = ^chf^(^)V’A(2:) , i^iiz) = . (5.10) 


This explains why we attach flavor adjoint chiral multiplets to the oppositely colored punc¬ 
tures. 

Equipped with the wave functions for the irregular punctures, we can easily compute the 
index in the mixed Schur limit. Note that even when the M = 2 counterpart is non-conformal, 
M = 1 version can actually flow to a SCET in certain cases. Eor example, SU{3) theory with 
Nf = 5 is non-conformal for M = 2, but it is in the conformal window for M = 1 theory. We 
can indeed compute the indices for these cases using the result of section 2. In section 5.2, 
we consider simplest examples. 


5.2 517(2) SYM with N"/= 0,1,2,3 

In this section, we verify that the mixed Schur index is indeed reproduced by the generalized 
TQET we discussed. 

Pure YM Let us compute the index naively by using the UV matter content. Here we only 
have a vector multiplet. We get [66] 

Iym = (p;p)(il;q)^ ^^A(z)(qz±^;q)(p2±^;q) = 

meZ>0 A 

where we used the Jacobi triple product identity. We indeed get the mixed Schur index from 
the TQET. 


E 

m,nGZ 


p^m(m+l)q^n(n+l) 


dz 

2'Kiz 


^2{m—n) 


(5.11) 
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SQCD with Nf = 1 This theory has a dynamically generated runaway superpotential, 
therefore we cannot define proper superconformal index. Nevertheless, we compute the index 
at the UV fixed point with incorrect R-charges for the chiral multiplets. Namely, we pick 
R = 2 for the chiral multiplets. This value is the correct R-charge for the mass-deformed 
J\f = 2 SCFTs such as SU{N) theory with 2N flavors. 

Now, we apply the integral formula for the index to compute 


/Ar^=i(p,q;a) = {p;p){q-q) j) 


(q^ ;q)(p^ ;q) 

(q22;±a±;q) 


— 1 H 1 ( —a ^ H—^ I + t 1- n 1 q 


a2y 


y" y 


(5.12) 


2a 


“TT “ ITT + l4 “ l2 + > 


0^7/2 


where p = ty,q = t/y. This result agrees with the TQFT on a sphere with one irregular 
puncture I 2.-1 and one regular puncture with {p,q) = (0,0), which is given by 


-fTQFT(p, q; a) = ^ (“) 

A 


1 

(qa±2,0;q) 


E (-l)-pi-(-+i)y«^(a) . 


(5.13) 


Note that we have only kept the diagonal subgroup of the full flavor symmetry U{1)lX U{1)r. 


SQCD with Nf = 2 This theory without superpotential confines with a deformed moduli 
space, but we perform the computation with the same philosophy as before. Let us take 
the (wrong) R-charge 1/2 to compute the index. We have two different ways to construct 
the theory, as we have discussed in the case of AA = 2 counterpart. Here depending on the 
choice of the colors on the punctures we actually get different indices because these choices 
determine the superpotential that are allowed [67] . 

Let us hrst consider the case with two irregular punctures / 2 ,o of each color. This config¬ 
uration realizes the theory with a quartic superpotential between two quarks. We write the 
index as 


/Arj.=i+i(p,q;a,6) = (p;p)(q;q) 


dz 

27riz 


A{z) 


(q2:=^^;q)(pz=^^;q) 
(q2z=*=a=*=; q)(p2z±6±; p) 


(5.14) 


which agrees with the TQFT expression 


7TQFT(p,q;a,^) = ^V'f’°’^(a)V'A {b) ■ (5.15) 

A 


Now, let us consider a 3-punctured sphere realization oi Nf = 2 theory. We have two 
regular -I- punctures, and one irregular / 2 ,-i with — color. We pick the normal bundle degrees 
to be (1,0). This realizes the Nf = 2 theory without quartic superpotential, which gives the 
index to be 


lNf=2+o{p,q;a,b) = (p;p)(q;q) 


dz 

2'Kiz 


A{z) 


(qz=^^;q)(p2:=^^;q) 
(q 2 z±a=*=; q)(q 2 2 ;=*= 6 =*=; q) 


(5.16) 
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It agrees with the TQFT expression 


lTQFT{p,q;x,y) = J2Cx'^\' V’A(^)V’|(y) , 

A 


upon identifying a = xy, b = x/y. 


(5.17) 


SQCD with Nf = 3 This theory can be realized by a sphere with two regular punctures of 
+ color and one irregular puncture / 2 ,o with — color, and normal bundle degrees {p,q) = (1,0). 
It splits 3 flavors into 2+1 with a quartic superpotential interaction. The index can be written 
as 


/ dz 

('n2; 


(qz=^2.q)(p^±2.q) 


± 2 ., 


(q2 2;=*=a=*=; q){q‘2z^b^; q)(p2 2±c=*=;p) 

We find that it agrees with the TQFT expression 

-^TQFT(p,q;a;,y) = ^ C'^?/>)^(x)V’|(?/)V’i"’° ~(c) , 


.(5.18) 


(5.19) 


upon identifying a = xy, b = x/y. 
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